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Abstract
The general quantum superposition states containing the irreducible representation of the
n-dimensional groups associated to the rotational symmetry of the n-sided regular polygon
i.e., the cyclic group (Cn) and the rotational and inversion symmetries of the polygon, i.e.,
the dihedral group (Dn) are defined and studied. It is shown that the resulting states form an
n-dimensional orthogonal set of states which can lead to the finite representation of specific
systems. The correspondence between the symmetric states and the renormalized states,
resulting from the selective erasure of photon numbers from an arbitrary, noninvariant initial
state, is also established. As an example, the general cyclic Gaussian states are presented.
The presence of nonclassical properties in these states as subpoissonian photon statistics is
addressed. Also, their use in the calculation of physical quantities as the entanglement in a
bipartite system is discussed.
1 Introduction
The study of symmetries in physics has helped to the simplification of difficult problems. For
example, the symmetries in the Hamiltonian dynamical evolution of a quantum system can be
related to the definition of different conservation laws which, as in the classical theory, can be
used to answer different questions. The use of symmetries in quantum mechanics, in particular the
definition of states associated to point symmetry groups has been covered in several works [1–4].
Especially, the states carrying the symmetry of the cyclic group C2 = Z/(2Z), also called odd an
even cat states, have been of great interest in the past decades. The nonclassical properties of
this kind of states have been discussed in [5], together with their use in fundamental quantum
theory [6–10] and in the quantum information framework [11–15].
For several years, there was an impossibility to construct a cat state with a large photon number.
Instead of that, the low photon cat states, known as kitten states, were generated [16]. After that,
the possibility to obtain full cat states has been demonstrated in several studies as: by using the
reflexion of a coherent pulse from a optical cavity with one atom [17, 18], the use of homodyne
detection in a photon number state [19], the photon subtraction from a squeezed vacuum state in
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a parametric amplifier [20], via ancilla-assisted photon subtraction [21], and by the subtraction of
an specific photon number in a squeezed vacuum state [22]. The superposition of coherent states
have non-classical features like squeezing of the quadrature components [5, 23, 24]. There exist a
possible experimental implementation of these superpositions [25], in particular superpositions of
coherent states on a circle [23, 24, 26]. The states adapted to this type of symmetry have also a
connection to the phase-time operators in the harmonic oscillator [27–30]. The definition of states
carrying the circle symmetry has been extended by the use of spin coherent states as in [31], also
in [32] the use of su(1, 1) coherent states on the hyperboloid were considered.
More recently, a proposed method to generate states with higher discrete symmetries, as the
ones defined here, has been obtained by the dynamic evolution of a matter-field interaction de-
scribed by the Tavis-Cummings model [33, 34]. There is experimental evidence for the generation
of superpositions of four coherent states with a number of 111 photons [35]. Also, the cluster
structure of light nuclei as 12C and 13C have been describe by the point symmetry groups, as the
ones discussed here, D3h and D
′
3h, respectively.
In this work, the generalization of the quantum states associated to the irreducible represen-
tations of the group whose elements are the symmetry rotations of the n-sided regular polygon,
also named the cyclic group (Cn = Z/(nZ)), and the group containing the rotational and reflexion
symmetries of the regular polygon, i.e., the dihedral group (Dn), is presented. Some of these type
of states have been previously defined using coherent states [1–4].
In the present work, it is shown that the cyclic and dihedral states form an orthogonal set of
states, which can be used to define a discrete representation of states made of the superposition
of rotations, in the case of the cyclic group, and rotations plus reflections in the case of the
dihedral group. Also it can be seen that this discrete representation can simplify the calculation
of quantum parameters as the entanglement between two subsystems within a system. For these
reasons, we consider that given the applications of the cyclic and dihedral coherent states in
quantum information, the generalization of such states to the noncoherent case is important.
The proposed method discussed here, makes use of an initial state |φ〉 which is not invariant
under rotations. To define the cyclic states, the superposition of the rotated states |φr〉 = Rˆ(θr)|φ〉
(r = 1, . . . , n; θr = 2pi(r−1)/n), and the characters associated to the λ-th irreducible representation
and the r-th element of the group (χ(λ)(gr) ), are used. It is also discussed the relation between
the cyclic states and the renormalized states obtained from the erasure of certain photon numbers
in the photon statistics of |φ〉 or ρˆ, e.g., the cat states associated to the cyclic group C2: |ξ±〉 =
N±(|α〉 ± | − α〉) are the renormalized states resulting of eliminating the even and odd photon
number states from the coherent state |α〉 respectively.
On the other hand, the dihedral group Dn is the non-Abelian group that contains the rotations
and inversions which leave the n-sided regular polygon invariant. The elements of the dihedral
group are Dn : {Rˆ(θj), Uˆj, j = 1, . . . , n}, with θj = 2pi(j − 1)/n, where the inversion operators in
the phase space are defined by a rotation plus the complex conjugation (Cˆ), i.e., Uˆj = CˆRˆ(θj).
Additionally to pure, non-pure cyclic and dihedral states can be defined through a density
matrix. These states correspond to a quantum map of an noninvariant, arbitrary operator ρˆ. This
type of quantum maps have been recently relevant in quantum information theory. In particular,
the quantum maps have been important for the quantum error correction as some of the studied
qubit maps represent the interaction between a qubit and an environment [36, 37]. Furthermore,
the study of the erasure map, presented here, can be important to figure out the experimental
realization of the defined states, as the resulting states, depend on the absorption (erasure) of
certain state numbers.
As a remainder of some group characteristics we establish that given a n dimensional group
2
{gr; r = 1, . . . , n}, a conjugacy class is formed by all the elements gk which satisfy the similarity
transformation g−1k gjgk = gj, where gj is also a member of the group. An irreducible representation
λ is the representation of a group that cannot decompose further. To obtain the irreducible
representation sometimes the following procedure should be applied: if there exist a similarity
transformation of an element of the group gj which diagonalize it, i.e., C
−1gjC = AD, where AD
is made of diagonal matrices A
D
(λ)
j
, then the matrices A
D
(λ)
j
form an irreducible representation
of gj. The character χ associated to the irreducible representation λ, is defined as the trace of
the diagonal matrix ADλ , that is χ
(λ)(gj) = Tr
(
A
D
(λ)
j
)
. Also, all the members of a conjugacy
class share the same characters. In the case of the cyclic states the character associated to the
irreducible representation λ and element gr of the group is given by χ
(λ)
n (gr) = e
2pii(λ−1)(r−1)/n
This work is organized as follows: In section 2 a review of the cyclic states constructed by
means of coherent states are presented. The generalization of these type of states for a non-
coherent system is then described in section 3. The correspondence between the generalized cyclic
state and a renormalized state obtained through the elimination of certain photon numbers in an
original system is studied in section 4. In section 5, some examples are given, the cyclic Gaussian
states are defined and some of their properties are exemplified. Also, the circle symmetry states
are presented as an extension to the states associated to Cn, where n → ∞. In section 6, the
idea of the pure cyclic states of Cn is extended to the case of non-pure density matrices. This is
done by the definition of a map of the density matrix, which can also be related to the erasure
and renormalization of certain photon numbers in the initial state. The usefulness of this kind
of systems for the study of the entanglement in a two-mode system is shown in section 7. The
dihedral states are defined in section 8. Finally, some conclusions are given.
2 Cyclic coherent states
In previous works, different states associated to the irreducible representation of cyclic groups [1–4]
have been defined using coherent states [38–41]. The resulting states called crystallized cat states
have some interesting properties as subpoissonian photon statistics, squeezing, and antibunching
[4, 42, 43]. Also, it has been demonstrated that they can be generated by the interaction of an
atom with an electromagnetic field [17,18]. Here, we present a summary of the definition and some
properties of the coherent cyclic states.
The cyclic group Cn have as elements the discrete rotations associated to the symmetries of the
regular polygon of n sides, i.e. Cn = {R(θj), θj = 2pi(j − 1)/n, with (j = 1, . . . , n)}. The number
of elements is equal to the cycle of the group and they can be divided in different conjugacy classes
{gr}. The characteristic (or character) of the class gr for the irreducible representation λ is denoted
as χ
(λ)
n (gr) is given by the trace of the irreducible representation. It is known that in the case of
the cyclic group each element forms its own class (gj = R(θj)) and that the character of the class
are the n roots of the identity,
χ(λ)n (gr) = exp
[
2ipi(λ− 1)(r − 1)
n
]
, with λ, r = 1, . . . , n . (1)
Additionally, the characters for any two irreducible representations λ and λ′ are orthonormal, i.e.,
1
n
n∑
r=1
χ(λ)n (gr)χ
∗(λ′)
n (gr) = δλλ′ (2)
3
and also the sum of the characters over all the irreducible representations λ satisfy that
1
n
n∑
λ=1
χ(λ)n (gr)χ
∗(λ)
n (gr′) = δrr′ . (3)
These two orthogonality conditions can be quickly checked using the rule for the sum of the identity
roots
n∑
j=1
µjn = 0 , where µn = exp
(
2pii
n
)
, (4)
such property also leads to the following theorem.
Theorem 1. Let r be an integer and µn = exp(2pii/n), then
∑n
j=1 µ
jr
n = n δmod(r,n),0.
Proof. It is clear that for r being a multiple of n: mod(r, n) = 0, µrjn = 1 and thus the sum∑n
j=1 µ
jr
n is equal to n. For r not being a multiple of n (mod(r, n) 6= 0) we remember that the sum
n∑
j=1
xj = x
xn − 1
x− 1 ,
which in the case of x = µrn, implies
n∑
j=1
µjrn = µ
r
n
µrnn − 1
µrn − 1
= 0 ,
as µrnn = 1. It is important to notice that this property is satisfied for any integer, in particular
by r being a negative integer.
Given the orthogonality properties in Eqs. (2) and (3) one can define a macroscopic quantum
state for each one of the irreducible representations of the cyclic group as follows∣∣ψ(λ)n 〉 = Nλ n∑
r=1
χ(λ)n (gr)|αr〉 ,
n∑
r,r′=1
χ(λ)n (gr)χ
∗(λ)
n (gr′)〈αr′|αr〉 = Nλ−2 , (5)
where the coherent state parameter αr = Re(αr) + i Im(αr) is given by the rotation of a fixed
number α in the complex plane,(
Re(αr)
Im(αr)
)
= R(θr)
(
Re(α)
Im(α)
)
.
It is important to notice that all the states for different irreducible representations form an or-
thonomal set with
〈
ψ
(λ)
n
∣∣∣ψ(λ′)n 〉 = δλλ′ . In the case of the cyclic group C2 we have as the result
the standard odd and even cat states |ψ(1,2)〉 = N±(|α〉 ± | − α〉), which can have subpoissonian
photon statistic, squeezing, and antibunching [4].
The coherent cyclic states |ψ(λ)n 〉 are eigenvalues of the power of the annihilation operator aˆn,
i.e.,
aˆn|ψ(λ)n 〉 = αn|ψ(λ)n 〉 .
Also, one can change the irreducible representation of the state by acting the annihilation operator
aˆ to another state:
aˆ|ψ(λ)n 〉 = α
Nλ
Nλ′ |ψ
(λ′)
n 〉 ,
where the value of the new irreducible representation depends on the original one λ′(λ).
4
3 Generalization of cyclic states as superpositions of rota-
tions in the phase space.
The necessity of a generalization of the cyclic states to a superposition of arbitrary, non-coherent
systems can be explained by their possible use in quantum information theory. Also, the cyclic
states form an orthogonal set of states which can lead to a finite representation of certain quantum
systems.
First, let us suppose an initial quantum state |φ〉 and its representation in the Fock basis
|φ〉 =
∞∑
m=0
Am(φ)|m〉 , with
∞∑
m=0
|Am(φ)|2 = 1 .
The discrete rotations in the phase space associated to the symmetries of the regular polygon
in the cyclic group Cn are given by the operator Rˆ(θj) = exp(−iθjnˆ), where θj = 2pi(j − 1)/n;
j = 1, . . . , n, and nˆ is the bosonic number operator. To every one of the elements of the cyclic
group we have then a rotation of the general state |φ〉, which can be expressed as
|φj〉 = Rˆ(θj)|φ〉 .
Definition 1. Let |φ〉 = ∑∞m=0Am(φ)|m〉 be a quantum state with at least one mean quadrature
component (xˆ = (aˆ+ aˆ†)/
√
2, pˆ = i(aˆ†− aˆ)/√2) different from zero, i.e., 〈φ|xˆ|φ〉 6= 0, or 〈φ|pˆ|φ〉 6=
0.We define the general cyclic state for the irreducible representation λ of the group Cn as∣∣ψ(λ)n (φ)〉 = Nλ n∑
r=1
χ(λ)n (gr)|φr〉 , (6)
where χ
(λ)
n (gr) is the character associated to the irreducible representation λ and to the element of
the group gr ∈ Cn, and where
N−2λ =
n∑
r,r′=1
χ(λ)(gr)χ
∗(λ)(gr′)〈φr′ |φr〉 .
To obtain a well defined state we emphasize that the original state cannot be invariant under the
rotations discussed above, i.e., |φr〉 6= |φ〉 for r = 2, . . . , n. This property can be satisfied when the
Wigner function of the state in the phase space W (x, p) is given by a non symmetric distribution
or when the state is not centered at the origin of the phase space, i.e.,
∫
dx dp xW (x, p) 6= 0, or∫
dx dp pW (x, p) 6= 0.
As these states carry the irreducible representation of the group Cn, they are invariant, up to
a phase, under the discrete rotations Rˆ(θj). To prove this property, lets suppose the action of the
rotation Rˆ(θl), 1 ≤ l ≤ n, over the state
∣∣∣ψ(λ)n (φ)〉
Rˆ(θl)
∣∣ψ(λ)n (φ)〉 = Nλ n∑
r=1
χ(λ)n (gr)Rˆ(θr+l)|φ〉 ,
as the character of the representation λ is
χ(λ)n (gr) = µ
(λ−1)(r−1)
n = µ
(λ−1)(r+l−1)
n µ
(1−λ)l
n = χ
(λ)
n (gr+l)µ
(1−λ)l
n ,
5
then we obtain
Rˆ(θl)
∣∣ψ(λ)n (φ)〉 = Nλ µ(1−λ)ln n∑
r=1
χ(λ)n (gr+l)Rˆ(θr+l)|φ〉 ,
given the periodicity of the characters and the rotation operators (µx+nn = µ
x
n, Rˆ(θj+n) = Rˆ(θj)),
this sum give us, up to a phase, the same state as the original, i.e.,
Rˆ(θl)
∣∣ψ(λ)n (φ)〉 = µ(1−λ)ln ∣∣ψ(λ)n (φ)〉 . (7)
It can also be seen that by the use of the explicit form of the rotated states in the Fock basis
|φr〉 =
∑∞
m=0Am(φ)e
−iθrm|m〉, one obtains
∣∣ψ(λ)n (φ)〉 = Nλ n∑
r=1
∞∑
m=0
χ(λ)n (gr)Am(φ)e
−iθrm|m〉 ,
which can be also rewritten as∣∣ψ(λ)n (φ)〉 = Nλ n∑
r=1
∞∑
m=0
µ(λ−1−m)(r−1)n Am(φ)|m〉 . (8)
Given the characteristics of the sum of the powers of the parameter µn, expressed in Eq. (4), one
can show that the different states for the cyclic group Cn form an ortonormal set. To show this,
lets suppose the inner product of two cyclic states with irreducible representations λ, and λ′, i.e.,〈
ψ(λ
′)
n (φ)
∣∣∣ψ(λ)n (φ)〉 = NλNλ′ n∑
r,r′=1
∞∑
m,m′=0
Am(φ)A
∗
m′(φ)µ
(λ−1−m)(r−1)
n µ
(1−λ′+m′)(r′−1)
n δm′,m ,
performing first the sums over the parameter r′, we have〈
ψ(λ
′)
n (φ)
∣∣∣ψ(λ)n (φ)〉 = NλNλ′n ∞∑
m=0
n∑
r=1
|Am(φ)|2µλ′−1−mn µ(λ−1−m)(r−1)n δmod(1−λ′+m,n),0 .
As established by Theorem 1, this sum is different from zero when 1− λ′ +m = sn (with s ∈ Z ).
This leads to the condition m = sn− 1 + λ′. From this, we can change the sum over m to a sum
over s, obtaining 〈
ψ(λ
′)
n (φ)
∣∣∣ψ(λ)n (φ)〉 = NλNλ′ ∞∑
s=0
n∑
r=1
|Ans−1+λ(φ)|2µ(λ−λ′)rn µλ−λ
′
n .
Similarly to the previous step, the sum over the parameter r is different from zero when λ−λ′ = s′n
with s′ ∈ Z. As the parameters satisfy 1 ≤ λ, λ′ ≤ n, the only possible value is that λ− λ′ = 0, so〈
ψ(λ
′)
n (φ)
∣∣∣ψ(λ)n (φ)〉 = NλNλ′ ∞∑
s=0
|Ans−1+λ(φ)|2δλ,λ′ ,
which in the case λ 6= λ′ is equal to zero and by the expression for the normalization constant in
Def. (1) is equal to one when λ = λ′. Finally, arriving to the expression〈
ψ(λ
′)
n (φ)
∣∣∣ψ(λ)n (φ)〉 = δλ,λ′ .
Other important properties of the cyclic states are addressed in the next section.
6
4 State erasure as a quantum map and the cyclic states.
In this section, the connection between the erasure map and the cyclic states is studied. This
correspondence can lead to the experimental implementation of the cyclic states as these states
can be seen as coming from the absorption (or erasure) of certain photon numbers.
The general cyclic states defined above, can also be defined as the result of selective loss of
information in a quantum system, that is, from the erasure of a subset of states of an original state
|φ〉 = ∑∞n=0Am(φ)|m〉.
As an example, one can suppose the selective erasure of the probabilities Am(φ) for all values
of odd m, and after this erasure, the renormalization of the state is performed. In that case, one
will have the following state made with only even number states
|ψeven〉 = N
∑
m even
Am(φ)|m〉 , (9)
where N is the normalization constant N−2 =
∑
m even |Am(φ)|2. Lets compare the previous
expression with the cyclic state for n = 2, λ = 1:
∣∣∣ψ(1)2 (φ)〉. This state is given by∣∣∣ψ(1)2 (φ)〉 = N1 2∑
r=1
∞∑
m=0
µrm2 Am(φ)|m〉, µ2 = −1 .
By performing the sum over r, we then obtain∣∣∣ψ(1)2 (φ)〉 = N1 ∞∑
m=0
(1 + (−1)m)Am(φ)|m〉 = N1
∑
m even
2Am(φ)|m〉 ,
which is the same expression as Eq. (9) with N = 2N1. The same can be done to the state
resulting of the elimination of even states, which is equal to the cyclic state with n = 2, λ = 2, i.e.,∣∣∣ψ(2)2 (φ)〉 = N∑m oddAm(φ)|m〉. In general, the equality between the cyclic states and the states
resulting of the elimination of certain number states can be established in the following theorem.
Theorem 2. Let n and λ be two positive integers with λ ≤ n, and |Ψn,λ(φ)〉 be the renormalized
state obtained after the elimination of the number states |m〉 in |φ〉 = ∑∞m=0Am(φ)|m〉, which do
not satisfy the condition mod(m−λ+1, n) = 0, then |Ψn,λ(φ)〉 is equal to the cyclic state
∣∣∣ψ(λ)n (φ)〉
up to a phase.
Proof. The state after the erasure map |Ψn,λ(φ)〉, has the following expression
|Ψn,λ〉 = Nλ,n
∑
m
Am(φ)δmod(m−λ+1,n),0|m〉
which only contains the number states that satisfy m−λ+ 1 = ln (with l an nonnegative integer),
then
|Ψn,λ(φ)〉 = Nλ,n
∑
l
Aλ−1+ln(φ)|λ− 1 + ln〉 . (10)
On the other hand, by using the property for the roots of the identity (µn) given in Theorem 1
(
∑n
j=1 µ
jl
n = n δmod(l,n),0), in the definition of
∣∣∣ψ(λ)n (φ)〉 in Eq. (8), we can show that
n∑
r=1
µ(λ−1−m)(r−1)n = nµ
1−λ
n δmod(λ−1−m,n),0 ,
7
this means that only the states with m = λ − 1 + ln (with l a nonnegative integer) are part of∣∣∣ψ(λ)n 〉, i. e., ∣∣ψ(λ)n (φ)〉 = nNλ µ1−λn ∞∑
l=0
Aλ−1+ln(φ)|λ− 1 + ln〉 . (11)
Finally, when comparing Eqs. (10) and (11) we arrive to the conclusion
|Ψn,λ〉 = µ1−λn
∣∣ψ(λ)n (φ)〉 , (12)
with the relation between the normalization constants being nNλ = Nλ,n, and the phase between
the cyclic state and the erasure state, being µ1−λn = exp (2pii(1− λ)/n).
Given this identification, it can be seen that the photon number statistics for the state
∣∣∣ψ(λ)n (φ)〉
contain only the photon numbers which satisfy mod(m− λ+ 1, n) = 0.
The correspondence between the cyclic states and the states resulting from the quantum erasure
map can lead to the experimental realization of the cyclic states. One can for example think of an
initial nonivariant state |φ〉, with a small mean photon number (〈φ|nˆ|φ〉 ≈ 0). If one has a process
where the number states |1〉 or |2〉 are erased, e.g., by the absorption of one or two photons of the
electromagnetic field, then one can expect that the resulting state will be similar to a cyclic state.
5 Examples.
5.1 Cyclic Gaussian states.
Here we define different superpositions of Gaussian states associated to the cyclic groups. These
superpositions are connected with the squeezed states defined in [44, 45]. As an example of the
general procedure described above, one can define cyclic states using Gaussian wavepackets as
initial systems. Suppose a general one dimensional Gaussian state in the position basis
ψ(x) =
(
a+ a∗
pi
1 + 2a
1 + 2a∗
)1/4
exp
{
− b
2 + bb∗
4(a+ a∗)
}
exp
{−ax2 + bx} , aR > 0 , b 6= 0 , (13)
with a = aR + iaI , b = bR + ibI . This state can be characterized by the mean values of the
quadrature components (pˆ, qˆ), and the corresponding covariance matrix σ. Which in the case of
the state (13) are
〈xˆ〉 = b+ b
∗
2(a+ a∗)
, 〈pˆ〉 = i(ab
∗ − a∗b)
a+ a∗
, σ =
1
2(a+ a∗)
(
4|a|2 i(a− a∗)
i(a− a∗) 1
)
. (14)
When this state is rotated in the phase space using the propagator 〈x|Rˆ(θ)|y〉, where Rˆ(θ) =
exp(−iθnˆ) is the rotation operator, the obtained state is still Gaussian with new parameters a(θ),
b(θ) given in terms of the original Gaussian parameters a, and b, as follows
a(θ) =
2ia cos θ − sin θ
2(i cos θ − 2a sin θ) ,
b(θ) =
b
cos θ + 2ia sin θ
. (15)
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(a) (b) (c)
(d) (e) (f)
Figure 1: Mandel parameter MQ as a function of the real and imaginary parts of the parameter
b = bR+ ibI , for the states associated to the cyclic group C2, Ψ
(1)
2 (x) with (a) a = 1/4, (b) a = 1/2,
(c) a = 1; and for the state Ψ
(2)
2 (x) for (d) a = 1/4, (e) a = 1/2, and (f) a = 1 .
The cyclic Gaussian state for the irreducible representation λ of the group Cn is then given by the
expression
Ψ(λ)n (x) = Nλ
n∑
r=1
χ(λ)n (gr)ψr(x) , (16)
with a value of ψr(x) analogous to the initial state of Eq. (13)
ψr(x) =
(
a(θr) + a
∗(θr)
pi
1 + 2a(θr)
1 + 2a∗(θr)
)1/4
exp
{
−b
2(θr) + b(θr)b
∗(θr)
4(a(θr) + a∗(θr))
}
×
exp{−a(θr)x2 + b(θr)x} . (17)
Given this expression one can construct then the cyclic states using Eq. (16).
For the cyclic group C2, the cyclic states can be described by the following two orthogonal
states
Ψ
(1,2)
2 (x) = N1,2 e−ax
2
(ebx ± e−bx) , N1,2 =
(
a+ a∗
pi
1 + 2a
1 + 2a∗
)1/4
e−
b2+bb∗
4(a+a∗)
√
2
(
1± e− bb∗a+a∗
)1/2 , (18)
which have specific properties. In Fig. 1, the Mandel parameter [46] MQ = 〈(∆nˆ)2〉/〈nˆ〉 is shown
for the cyclic Gaussian states of C2 given in Eq. (18). The figure was made taking into account
three different a parameters.
A Mandel parameter MQ < 1 can be used to distinguish a subpoissonian from a superpoissonian
photon statistics (MQ > 1), or poissonian statistics MQ = 1. As it can be seen in the figure, the
cyclic states can have subpoissonian distributions for certain regions of the parameter b = bR+ ibI .
As can be seen in the figure, the presence of this photon statistic is more prominent in the states
associated to the second irreducible representation of the group Ψ
(2)
2 (x).
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Figure 2: Wigner functions and their contour plots for the cyclic Gaussian states associated to C3
for the irreducible representations λ = 1 (left), λ = 2 (center), and λ = 3 (right). For these figures
the chosen parameters were a = 1 and b =
√
2(1 + i). The black lines in the contour plots depict
the symmetry axis associated to the C3 group.
Similar to the states above, the ones associated to the cyclic group C3 can be obtained. In Fig. 2,
the plots and contours for the Wigner function [47]: Wψ(x, p) =
∫
dy ψ∗(x + y)ψ(x − y)e2ipy/pi,
can be seen. In the contour plots of the phase space (p, x) is noticed the symmetry of the state
under the rotations with angles 0, 2pi/3, and 4pi/3 with respect to the x axis. It is also important
to say that the Wigner functions depicted in the figure do not have inversion symmetry as they
are only invariant under the rotations contained in the C3 group.
5.2 Circle symmetric states
When one increases the degree of the cyclic group the obtained states described by our method
must be invariant under more and more rotations in the phase space. It is known [23] that there
exist a correspondence between the circle symmetric states in the coherent case and the Fock
number states. This lead us to the question, how do the generalized cyclic states associated to a
very big number of symmetries look like? e.g., when the order of the cyclic group tends to infinite
(n → ∞), can they also be associated to the Fock states?. To answer these questions, one can
notice that the Definition 1 of the cyclic states allow us to make a generalization in the case when
the angle θ, which determine the rotations Rˆ(θ), becomes a continuous variable. In that case, the
definition of the cyclic states becomes
|ψ(λ)∞ 〉 = Nλ
∫ 2pi
0
dθ eiθ(λ−1)e−iθnˆ|φ〉 , (19)
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where we have an infinity number of irreducible representations, i.e., λ ∈ Z+. By means of the
photon number decomposition of |φ〉 = ∑mAm(φ)|m〉, one obtains
|ψ(λ)∞ 〉 = Nλ
∞∑
m=0
∫ 2pi
0
dθ Am(φ)e
iθ(λ−1−m)|m〉 ,
as the integral is equal to 2pi times the Kronecker delta δλ−1,m, we arrive to the result
|ψ(λ)∞ 〉 = 2piNλAλ−1(φ)|λ− 1〉 ,
which, after the renormalization process, we notice corresponds to the number state
|ψ(λ)∞ 〉 = |λ− 1〉 . (20)
We point out that this expression for the circle cyclic states is consistent with the erasure map
of the state |φ〉, as in principle we need to erase all the different states but the one that satisfies
the condition m − λ + 1 = 0. This result lead us to the conclusion that the cyclic superposition
(n → ∞) of any state which is noninvariant under any rotation in the phase space, is equal to a
Fock state. This, regardless of the initial, noninvariant state |φ〉 that we take into consideration.
We would like to emphasize that in order of this property to be true, the state under consideration
|φ〉 must be noninvariant under all possible rotations in the phase space. This implies that |φ〉
must be expressed by an infinite sum of the photon number states |m〉 with a nonzero probability
amplitude Am(φ). To show this we can take as an example the C2 group. In order for a state |φ〉
to be noninvariant under the C2 rotation, it should be made by the superposition of at least two
states |m〉 and |n〉, m being even and n being odd (m,n ∈ Z+). In the case of C3 we need at least
three states |m〉, |n〉, and |l〉 such mod(m, 3) = 0, mod(n, 3) = 1, and mod(l, 3) = 2 (m,n, l ∈ Z+).
By the extension of this argument, we must need an infinite number of photon states in order
for |φ〉 to be an noninvariant state under C∞. As examples of this type of states one can name
the coherent, the squeezed coherent, the non-centered Gaussian, and any noninvariant, continuous
variable state.
To show that the superposition of several rotations of an initial continuous variable system
can form a Fock state one can take as an example the Gaussian state of Eq. (13) with a = 1,
b =
√
6 + 2i. In Fig. 3 are shown the Wigner functions and their contours for the cyclic states
associated to the first irreducible representation of Cn for n = 10 (left), n = 15 (center), and
n = 20 (right). Here, one can see how the cyclic states for a long degree order are more and more
alike to the vacuum state |0〉. Additionally to this, it can be checked that for a given irreducible
representation of the cyclic group, a different photon state can be formed for a sufficient large
number n, i.e., the cyclic group degree.
6 Cyclic group density matrices.
The previous discussion about the properties of the erasure map and its relation with the states
associated to the cyclic groups can be extended to any kind of state which is not invariant under
the rotation operation. For example, one can can think in a density matrix which may correspond
to a mixed state ρˆ and define the following cyclic density matrices
Definition 2. Let ρˆ be a density matrix with at least one of its mean quadrature components
(xˆ = (aˆ + aˆ†)/
√
2, pˆ = i(aˆ† − aˆ)/√2) different from zero, i.e., Tr(ρˆ xˆ) 6= 0, or Tr(ρˆ pˆ) 6= 0. Then
11
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Figure 3: Wigner functions and their contour plots for the cyclic Gaussian state of Cn for the
irreducible representation λ = 1 for (a) n = 10 (right), (b) n = 15 (center), and (c) n = 20 (left).
In all the plots we took the parameters a = 1 and b =
√
6 + 2i.
the state associated to the irreducible representation λ of the cyclic group Cn is defined as
ρˆ(λ)n = Nλ
n∑
r,s=1
χ(λ)n (gr)χ
∗(λ)
n (gs)Rˆ(θr)ρˆRˆ
†(θs) , (21)
where χ
(λ)
n (gr) is the character for the group element gr, Rˆ(θr) = exp (−iθrnˆ), and
N−1λ =
n∑
r,s=1
χ(λ)n (gr)χ
∗(λ)
n (gs) Tr(Rˆ(θr)ρˆRˆ
†(θs)) .
These type of density matrices have the same properties of the cyclic states as being invariant
up to a phase under the rotations in the cyclic group. Also, they have a photon distribution were
not all the photon numbers are present as they can be obtained by the elimination of certain Fock
states. To show this, one can follow an analogous procedure as in Theorem (2). Let us suppose
ρˆ =
∑∞
m,m′=0Am,m′(ρˆ)|m〉〈m′|, with Tr(ρˆ) =
∑∞
m=0Am,m(ρˆ) = 1. This expression together with
Eqs. (1) and (21) allow us to rewrite ρˆ
(λ)
n as follows
ρˆ(λ)n = Nλ
∞∑
m,m′=0
Am,m′(ρˆ)
n∑
r,s=1
µ(λ−1)(r−1)n µ
(λ−1)(1−s)
n e
−iθrmeiθsm
′|m〉〈m′| ,
by the use of the definition of θj = 2pi(j− 1)/n and Theorem 1, we can perform the sums over the
r and s parameters. Those sums are
n∑
r=1
µ(λ−1−m)rn = n δmod(λ−1−m,n),0 ,
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n∑
s=1
µ−(λ−1−m
′)s
n = n δmod(λ−1−m′,n),0 , (22)
then we finally can write the cyclic state density matrices as follows
ρˆ(λ)n = Nλ n2
∞∑
m.m′=0
Am,m′(ρˆ)µ
m′−m
n δmod(λ−1−m,n),0 δmod(λ−1−m′,n),0 |m〉〈m′| ,
as the delta functions imply that λ − 1 − m and λ − 1 − m′ should be a multiple of n, then
λ− 1−m = ηn, and λ− 1−m′ = ξn and then m′ −m = −(ξ + η)n is also a multiple of n. From
these properties, we can conclude that µm
′−m
n = 1 and finally arrive to the expression for the cyclic
density matrix
ρˆ(λ)n = Nλ n2
∞∑
m.m′=0
Am,m′(ρˆ) δmod(λ−1−m,n),0 δmod(λ−1−m′,n),0 |m〉〈m′| , (23)
this property is summarized in the following theorem:
Theorem 3. Let n and λ be two positive integers with λ ≤ n, and ρˆn,λ be the renormalized state ob-
tained after the elimination of the number states operators |m〉〈m′| in ρˆ = ∑∞m,m′=0Am,m′(ρˆ)|m〉〈m′|,
which do not satisfy the conditions mod(λ−1−m,n) = 0 and mod(λ−1−m′, n) = 0, then ρˆn,λ(φ)〉
is equal to the cyclic state ρˆ
(λ)
n .
It is noteworthy to see that from Eq. (23) and the property m′ − m being a multiple of n,
we can immediately show that the cyclic density matrices are invariants over the rotations in the
cyclic groups. In other words, the density matrix ρˆ
(λ)
n after the rotation Rˆ(θj), i.e.,
Rˆ(θj)ρˆ
(λ)
n Rˆ
†(θj) = Nλ n2
∞∑
m.m′=0
Am,m′(ρˆ) δmod(λ−1−m,n),0 δmod(λ−1−m′,n),0 µ(m
′−m)(j−1)
n |m〉〈m′| ,
is equal to the initial density matrix, so finally one can establish
Rˆ(θj)ρˆ
(λ)
n Rˆ
†(θj) = ρˆ(λ)n .
As in the case of the pure cyclic states, the photon number distribution of the cyclic density
matrices contains only some of the numbers states. Given that the different states associated to
the cyclic group Cn are made with different photon number states, we can conclude that the cyclic
density matrices form an orthogonal set.
7 Example: Calculation of the entanglement in a bipartite
state.
As an example of the applications of the cyclic states we show that this type of states can be used
to describe a continuous variable system in a discrete way, and that this discrete form can lead to
an easier calculation of parameters, such as the entanglement between parts in a bipartite system.
Suppose a two mode state made entirely of the group of rotation states {|φr〉1, |ϕr〉2; r = 1, . . . , n}
for modes 1 and 2 respectively, e.g. the state
|T 〉 =
n∑
r=1
cr|φr〉1|ϕr〉2 ,
n∑
r,r′=1
crc
∗
r′〈φr′ , ϕr′ |φr, ϕr〉 = 1 . (24)
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As the states |φr〉 = Rˆ(θr)|φ〉, |ϕr〉 = Rˆ(θr)|ϕ〉 can be general then they might not be or-
thogonal. On the other hand, the cyclic states generated by these states form an orthogonal set.
Most importantly, as there exist the same number of cyclic states |ψ(λ)n (φ)〉 and |ψ(λ)n (ϕ)〉 as the
number of rotated states |φr〉 and |ϕr〉, then one can obtain the rotated states in terms of the
cyclic, orthogonal ones. To obtain these expressions one must obtain the inverse relation of Eq.
(27)
|ψ(λ)n (φ)〉 = Nλ
n∑
r=1
µ(λ−1)(r−1)n |φr〉 ,
to do that, one can treat the characters of the group as a matrix Mjk = µ
(j−1)(k−1)
n , which has an
inverse matrix M−1jk = µ
(1−j)(k−1)
n /n. By this expression one can obtain the inverse equation
|φr〉 = 1
nNλ
n∑
λ=1
µ(1−r)(λ−1)n |ψ(λ)n (φ)〉 . (25)
By substituting this expression and an analogous expression for |ϕr〉 into the two-mode state |T 〉,
one obtains
|T 〉 = 1
n2
n∑
r=1
cr
n∑
λ,λ′=1
1
NλNλ′ µ
(1−r)(λ−1)
n µ
(1−r)(λ′−1)
n |ψ(λ)n (φ)〉1|ψ(λ
′)
n (ϕ)〉2 .
From this expression is possible to calculate the partial density matrices for each mode in the
bipartite state. For this we obtain the total density matrix and perform the partial trace operation.
Finally, arriving to
ρˆ(1) =
n∑
r,s,λ,λ′,µ=1
Dr,λ,λ′D
∗
s,µ,λ′ |ψ(λ)n (φ)〉〈ψ(µ)n (φ)|,
ρˆ(2) =
n∑
r,s,λ,λ′,µ′=1
Dr,λ,λ′D
∗
s,λ,µ′ |ψ(λ
′)
n (ϕ)〉〈ψ(µ
′)
n (ϕ)| ,
where Dr,λ,λ′ =
µ
(1−r)(λ+λ′−2)
n
n2NλNλ′ cr. After this, one can calculate the entanglement between the modes.
The entanglement is calculated by the linear entropy of the partial density matrices, giving the
following result
SL(1) = 1−
n∑
λ,µ=1
|Fλ,µ|2 , Fλ,µ =
n∑
r,s,λ′=1
Dr,λ,λ′D
∗
s,µ,λ′ . (26)
The quantification of the entanglement by using the decomposition of the two-mode system in
terms of cyclic states was done in a easier way than by directly taking the expression of the state
|T 〉 of Eq. (24). Several other quantities can be calculated using this decomposition as the mean
values and the covariance matrix of the system.
8 Generalized dihedral states
The dihedral group of n-th order (Dn) is a non-Abelian group which contains all the symmetry
operations of the n-sided regular polygon. In other words, it contains the rotations of the cyclic
14
group Cn and the inversion operators Uˆr; r = 1, . . . , n. The inversions in the phase space are defined
by a rotation plus the complex conjugation operator Cˆ, i.e., Uˆr = CˆRˆ(θr), with θr = 2pi(r− 1)/n.
In order to obtain any state associated to the dihedral group, one must impose the condition for
the state to be invariant under both the rotations and inversions contained in Dn. Inspired by the
cyclic states, one can use a superposition of all the rotations and inversions of a noninvariant state
|φ〉, that is the superposition of the states Rˆ(θr)|φ〉 and Uˆr|φ〉. As we have seen in the sections 3
and 4, the superpositions with probability amplitudes given by the characters of the cyclic group
χ
(λ)
n (gr) are orthogonal as they contain different photon numbers. Given these arguments we define
a set of n dihedral states, each one corresponding to an irreducible representation of the cyclic
subgroup Cn, as follows
Definition 3. Let |φ〉 = ∑∞m=0Am(φ)|m〉 be a quantum state with at least one mean quadrature
component (xˆ = (aˆ+ aˆ†)/
√
2, pˆ = i(aˆ†− aˆ)/√2) different from zero, i.e., 〈φ|xˆ|φ〉 6= 0, or 〈φ|pˆ|φ〉 6=
0. The general dihedral state for the irreducible representation λ of the subgroup Cn is defined as∣∣γ(λ)n (φ)〉 = Nλ n∑
r=1
(χ(λ)n (gr)|φr〉+ χ∗(λ)n (gr)|φ∗r〉) , (27)
where χ
(λ)
n (gr) is the character associated to the element of the group gr of the cyclic group, |φ∗r〉 =
Uˆr|φ〉 =
∑∞
m=0A
∗
m(φ)e
iθrm|m〉 (θr = 2pi(r − 1)/n), and where
N−2λ =
n∑
r,r′=1
(χ∗(λ)n (gr′)〈φr′|+ χ(λ)n (gr′)〈φ∗r′ |)(χ(λ)n (gr)|φr〉+ χ∗(λ)n (gr)|φ∗r〉) .
We would like to emphasize that it is the first time that an orthogonal set of states have
been associated to the dihedral group. These set of states are invariant, up to a phase, under
the application of all the dihedral group elements. As the construction of the dihedral states
corresponds to the sum of two cyclic states: one with initial state |φ〉 = ∑∞m=0Am(φ)|m〉 and the
other with the initial state |φ∗〉 = ∑∞m=0A∗m(φ)|m〉, then the invariance under rotations can be
implied from the cyclic states invariance (up to a phase) of Eq. (7)
Rˆ(θl)|γ(λ)n (φ)〉 = µ(1−λ)ln |γ(λ)n (φ)〉 ,
from this correspondence one can obtain an expression for the inversions acting on the dihedral
states Uˆl|γ(λ)n 〉 (Uˆl = CˆRˆ(θl)):
Uˆl|γ(λ)n 〉 = Cˆµ(1−λ)ln |γ(λ)n (φ)〉
= µ(λ−1)ln |γ(λ)n 〉 ,
and thus one can imply that the dihedral state |γ(λ)n 〉 in Def. 3 is invariant, up to a phase, under
all the elements of the dihedral group Dn.
As we can see in Def. 3, the dihedral group can be defined using the sum of a noninvariant state
|φ〉 and its conjugate |φ∗〉, this implies that the cyclic state |ψ(λ)n 〉 is also a dihedral state |γ(λ)n 〉
when the initial state has only real photon number probability amplitudes Am(φ) ∈ R, implying
|φ〉 = |φ∗〉. One can also notice that the dihedral states correspond to the erasure map of the
state (|φ〉+ |φ∗〉)/√2 since, as stated before, the dihedral state correspond to the sum of the cyclic
states for |φ〉 and |φ∗〉.
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Figure 4: Wigner functions and their contour plots for the dihedral Gaussian states associated to
the different irreducible representations λ of the group D3 for λ = 1 (left), λ = 2 (center), and
λ = 3 (right). For these figures the chosen parameters for the initial Gaussian state with a = 1
and b = 1 + i.
As stated before, the sum χ
(λ)
n (gr)|φ〉 + χ∗(λ)n (gr)|φ∗〉 used to obtain the dihedral superposi-
tions, is an state with real probability amplitudes, as |φ〉 = ∑∞m=0Am(φ)|m〉, then χ(λ)n (gr)|φ〉 +
χ
∗(λ)
n (gr)|φ∗〉 = 2
∑∞
m=0 Re(χ
(λ)
n (gr)Am(φ))|m〉. It can be seen that an analogous procedure to
define dihedral states can be done by using the imaginary part of the probability amplitudes
χ
(λ)
n (gr)Am(φ), e.g., by using the subtraction of the states χ
(λ)
n (gr)|φ〉−χ∗(λ)n (gr)|φ∗〉 instead of the
sum χ
∗(λ)
n (gr)|φ〉 + χ∗(λ)n (gr)|φ∗〉. The states associated to the subtraction are also invariant, up
to a phase, under all the transformations contained in the dihedral group, however they are not
orthogonal to the states defined in Def. 3. However, they still can be helpful as they contain the
dihedral symmetry.
In fig. 4, the Wigner functions and their contour plots for each one of the three states associated
to the dihedral group D3 are shown. To construct this figure, the Gaussian state of Eq. (13) with
a = 1 and b = 1 + i was used to generate the states of D3. In all the cases one can notice that
additionally to the rotational symmetry of the C3 subgroup, the inversion invariance is also present.
Summary and conclusions
A general procedure to obtain a set of n orthogonal pure states (or density matrices) associated to
each of the irreducible representations of the cyclic group Cn and dihedral group Dn was proposed.
This procedure can be summarized as follows: given any state |φ〉 which is not invariant under the
rotations of the cyclic group, the cyclic states can be obtained from the weighted superposition
of the phase-space rotations of the initial state Rˆ(θj)|φ〉 (j = 1, . . . , n), where the weights of each
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rotated state are given by the characters of each irreducible representation. This procedure is
then extended to density matrices where the weighed superpositions are made of the elements
Rˆ(θr)ρˆRˆ
†(θs), where ρˆ is the initial noninvariant density matrix. Additionally, it was shown that
the resulting states associated to Cn provided by our method are invariant, up to a phase, under
any element of the group. The associated states to the dihedral group Dn are defined through the
rotations of the original noninvariant state |φ〉 and its complex conjugate |φ∗〉. In the case of the
dihedral states, it is the first time that an orthogonal set of states have been associated to the
dihedral group.
The correspondence between the cyclic states of Cn and the renormalized states obtained after
the erasure of certain photon numbers was established and discussed. In particular, it was shown
that the cyclic state corresponds, up to a phase, to the renormalized states with photon number
states |m〉 erased, where the erased states do not satisfy the condition mod(λ + m − 1, n) =
0. In an analogous way, the cyclic density matrices obtained by our method correspond to the
renormalized matrices where the photon number operators |m〉〈m′|, which does not satisfy the
conditions mod(λ−m− 1, n) = 0 and mod(λ−m′− 1, n) = 0, are eliminated. On the other hand,
the dihedral states correspond to the sum of the cyclic states defined with the states |φ〉 and |φ∗〉,
for this reason they correspond to the erasure map of the state (|φ〉+ |φ∗〉)/√2.
As example of the procedure the general cyclic Gaussian states were defined. It was shown that
these states can present subpoissonian photon number statistics by using the Mandel parameter
MQ = 〈(∆nˆ)2〉/〈nˆ〉. The symmetry properties of the cyclic Gaussian states associated to C3 were
also checked using the Wigner function. Also, the correspondence between the circle symmetric
states Cn (n→∞): |ψ(λ)∞ 〉 and the Fock states |λ− 1〉 was demonstrated.
Also, as an example of the use of the cyclic states, the calculation of the entanglement be-
tween subsystems in a two-mode state was presented. This calculation takes advantage of the
orthogonality of the cyclic states to define a finite representation of particular bipartite states.
The possible experimental realization of these states was briefly discussed given the evidence
presented in [33,34] for a generation of cyclic states in the atom-field interaction, and in [35] were
these type of superposition can be obtained using a superconducting transmon coupled with a
cavity resonator.
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